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An E Lcieht Algorithm for Computing Diverse c-Maximum
Independent Sets in Planar Graphs™
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Abstract

Given a classical optimization problem IT with input
size n and an integer k = 1, the goal is to generate
a collection of k maximally diverse solutions to II.
For problems II in P (such as spanning tree and
minimum cut), there are e Lcieht poly(n, k) approx-
imation algorithms available for the diverse variants.
In contrast, only FPT algorithms are known for
NP-hard problems such as vertex covers and inde-
pendent sets, but in the worst case, these algorithms
run in time exp((kn)¢) for some ¢ > 0. In this work,
we address this gap and give f(k)poly(n) time ap-
proximation algorithms for diversification variants
of maximum weight independent sets and minimum
weight vertex covers in planar graphs.

1 Introduction

Computing a collection of diverse solutions to a given
optimization problem has gained a lot of attention
recently [1,2,5,9,11,14,16,19, 20, 25, 26]. While clas-
sical algorithms are tailored to produce one solution,
the task here is to output a collection of k = 1 solu-
tions that are maximally dispersed in the solution
space. In general, one is given a diversity measure
on the space of k-tuples of solutions to a problem,
and the goal is to output the set of k solutions that
maximize this measure.

When solutions can be represented as a subset of
the input, the metric for diversity measure is the
size of the symmetric di[erknce between two sets:
d(X,Y) =|XAY]|, where X and Y are two feasible
solutions of a given optimization problem. This is
extended to a k-tuple of solutions by considering ei-
ther the average, or the minimum pairwise distance
between all pairs of solutions. For example, if F is
the family of all minimum spanning trees of a given
graph G, then the task is to find k spanning trees
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whose average (or, minimum) of pairwise distances is
maximized. The weighted setting is also of interest,
e.g., F is the family of all minimum spanning trees
of G. However, if G has a unique minimum spanning
tree, then the problem of returning k diverse min-
imum spanning trees becomes uninteresting. The
natural approach here is to enlarge the set of so-
lutions by allowing approximations. We call such
approximately optimal solutions nice. In fact, if
we replace the minimum spanning tree above by
an NP-hard problem, say, maximum weight inde-
pendent set (MWIS), and we want polynomial time
algorithms, then allowing approximations becomes
necessary,’ as otherwise we cannot even solve the
problem for k = 1.

Thus, we consider the setting where we have a quality
function 0 : F - Rxg assigning a value to each
feasible solution, and a niceness factor ¢ [0, 1). For
maximization (or, minimization) problems, we say
that a solution is c-optimal if its objective is at least
¢ - maxs r30(S) (or, at most (1/¢) - ming (=10(S)).
Now, we give the formal definition for diverse and
nice optimization as follows.

Definition 1 (Diverse and Nice Optimization). The
input is a four-tuple (1,k, o, c), where I is a ground
set with n:= |I|, k = 1 is an integer, 0 : 2' - Rxg
is a quality function, and ¢ [(D,1) is a niceness
factor. Let Fc = {S [I1: S is c-optimal}. The
diverse and nice optimization problem asks to find a
collection S=<{S1,...,Sk} [E} of size k so as to
maximize [SiAS;].

Remark. Note that, in order to exploit the quality-
diversity tradeo L@ is input by the user, unlike in
approximation algorithms where one would like c to
be as close to 1 as possible.

Despite considerable research, there are no poly-
nomial time algorithms, even with approximation
guarantees, known for obtaining diverse solutions
to any NP-hard optimization problem. All existing
results either give polynomial (in n and k) time ap-
proximations for problems in P, or FPT algorithms

i<j

7In fact, for any constant £ > 0 approximating maximum
independent set to within a factor of n1~2 for n-node graphs
remains NP-hard [29]. This is one of the reasons why in this
paper we focus on planar graphs.



(that are exponential in n the worst case) for NP-
hard problems.

A natural class of NP-hard problems arise from
packing and covering. In this paper, we give the
first f(k)poly(n) time approximation algorithms for
MWIS and minimum weight vertex covers (MWVC)
in planar graphs.

Definition 2 (DMWIS-PG and DMWVC-PG). Let
G = (V,E) be a vertex-weighted planar graph, let
k = 1 be an integer, and let F, = {S [M

S is independent and c-optimal}. The Diverse c-
Maximum Weight Independent Sets (DMWIS-PG)

instead of a set, i.e., may repeat solutions.® Note
that not only do we want the best of both worlds (c
as input, and a set of k distinct solutions as output),
but, more importantly, we also want our framework
to apply to NP-hard problems.

2 Our Results

We begin with defining the notions of approximation
and resource augmentation.

Definition 3. An algorithm is a B-approximation
with a-resource augmentation for c-optimal

problem asks to find a collection S = {S,..., Sk} Lolutions (abbreviated as B-APX. with a-RA.)

F. of size k (distinct whenever |F¢| , other-
wise as a multiset) so as to maximize ;_; [SiAS;j].
The Diverse c-Minimum Weight Vertex Covers
(DMWVC-PG) is defined analogously.

Related Work. Finding diverse MVCs has received
considerable attention with several FPT results.
This line of work focuses on ¢ = 1, i.e., algorithms
that return optimal solutions and maximize the di-
versity exactly. While it is clear that such algorithms
cannot be polynomial in n and k for NP-complete
problems like MWISs in (planar) graphs [17], even
problems such as finding a diverse pair of maximum
matchings is hard [28]. Thus the work in this area
focuses on fixed-parameter-tractable algorithms that
avoid an exponential dependence on the input size
n; see, e.g., [2,4,5,10-13,23,25,27].

The works on the Diverse Vertex Cover prob-
lem are the most relevant to us. The algorithm in [5]
runs in time 2k¥n®@ where  denotes the size of
each solution (e.g., the size of a minimum vertex
cover or a maximum independent set), and the al-
gorithm in [4] runs in time 2°kyCtIN°M where w
represents the treewidth of the input graph. While
the 2<¢nOM or 29kyOINOWM) result is impressive
and important in the FPT context, in our setting
there is a limitation: planar graphs can have large
treewidth and large independent sets or vertex cov-
ers, i.e., Y or w could be n®®, Even if k = 2, this
translates to a runtime of 2”9(1), which could be
prohibitive® for many applications.

Two related frameworks for diverse solutions to prob-
lems in P were presented in [16,18]. The first frame-
work [18] only allows to compute diverse solutions
in the space of optimal solutions (i.e., ¢ cannot be
input by the user) but guarantees distinct solutions.
The second work [16] allows the user to specify a
value of ¢, but may return a multiset of k solutions

8 [22] shows that the size of a minimum dominating set
in a sensor network deployed on a 600m X 600m square goes
from 15 to 35 as the number of nodes increases from 100
to 1000 (Figure 5). Assuming a runtime of 2Kk¥ where
is the size of a dominating set, the computational task for
generating k = 4 solutions when each dominating set has a
size of 15 will take at least 5 years on a 5GHz computer.

for the diverse and nice optimization problem
if for every integer k = 1 it computes k
(ac)-optimal %ions S1,...,Sk such that
i<j ISiASj| = B [SHAS;] for any c-optimal
solutions S, ..., S{!
We remark that whenever one of a and B is equal
to one, we omit the qualifier from the statement.

Theorem 4. [DMWIS-PG and DMWVC-PG] For
DMWIS-PG, there exists a 2003 "€ )nOE ") _time
(1 — €)-APX. algorithm with (1 — 3)-RA. When
k = O(logn), this is a PTAS (Polynomial Time
Approximation Scheme). The same statement holds
for the DMWVC-PG.

Remark. 1. The running time does not depend
on c. It will turn out that the factor ¢ will be
dominated by n'¢. 2. The above result is the
first example of an approximation algorithm for the
diverse solutions version of any strongly NP-complete
problem that is fixed parameter tractable using only
k as a parameter. As mentioned, the dependence on
k allows us to obtain a PTAS up to k = O(logn).
This was not possible with existing work even for
k = 2 due to the exponential dependence on other
parameters such as the treewidth or the size of an
MWIS, as the focus was on exact algorithms (for
both diversity and quality). The tradeo i3 that we
lose the small factors of € in diversity and $ in the
quality.

Other Applications. Our framework extends to
other problems, including, Diverse Knapsack, Di-
verse Rectangle Packings, and Diverse TSP
problem. See the full version [15] for more details.

3 Our Algorithm

For brevity, we henceforth write A—a+b:=(A—

{a}) 1B} for any set A.
One of main goals of our algorithm is to e [Ciehtly

implement the local search algorithm by Cevallos et

9A recent work [9] on finding diverse minimum s-t cuts
also guarantees a multiset of k diverse cuts.


















































































































































































































































































































